We consider a class of N = 2 supersymmetric non-unitary theories in twodimensional Minkowski spacetime which admit classical solitonic solutions. We show how these models can be twisted into a topological sector whose energy-momentum tensor is a BRST commutator. There is an infinite number of degrees of freedom associated to the zero modes of the solitons. As explicit realizations of such models we discuss the BRST quantization of a system of free fields, while in the interacting case we study N = 2 complexified twisted Toda theories.
In the past few years progress has been made in the study of non-critical strings. In particular the c < 1 theories are understood by now in terms of rather different techniques, i.e. conformal field theory [1] , matrix models [2] , topological field theory [3] . In the topological field theory framework one shows that correlation functions of the observables are independent of the two-dimensional metric. Therefore no modes propagate on the world-sheet manifold and the only relevant quantities are the zeromodes of the instantons. A distinguished class of these models is described in euclidean space by N = 2 supersymmetric lagrangians which can be twisted into a topological sector using the U(1) invariance of the theory. It has been shown that these systems coupled to topological gravity correspond to string theories with c ≤ 1 [3, 4, 5] .
In this letter we study a class of N = 2 supersymmetric theories in Minkowski spacetime and address the issue of their topological formulation. In Minkowski space a theory can be twisted into a topological, BRST invariant sector, if the Lorentz group can be combined with a O(1, 1) symmetry. We show that in order to implement the O(1, 1) invariance one has to consider models which have N = 2 complexified supersymmetries, and this in turn can be realized only in a non-unitary lagrangian description. However the problem of non-unitarity is naturally solved in the topological twisted version of the theory. In fact the existence of a BRST charge provides the standard mechanism which allows to eliminate ghost-like fields from the physical spectrum. The topological symmetry enforces no propagation on the two-dimensional worldsheet and the remnant degrees of freedom are given by the zero modes which determine the quantum numbers of the physical observables. A simple, completely solvable example of such theories is provided by a system of free fields. We discuss the physical spectrum and find that all particles excitations are cohomologically trivial. There is a single massless field propagating in the target spacetime. If the free fields are compactified, the winding solitons are the only physical states.
Then we switch on the interaction and introduce a potential with an infinite number of critical points. The resulting topological theories have infinite degrees of freedom given by the zero modes of the solitons which interpolate between different extrema of the potential. These systems can be explicitly realized by N = 2 complexified affine Toda theories, which indeed are described by non-unitary lagrangians of the general form that allows the topological Minkowskian twist. It has been shown that affine complex Toda theories admit solitonic solutions [6, 7, 8] which, in spite of the non-unitarity of the action, have real energy and momentum. We consider the corresponding topological sector and show that there survives an infinite number of solitonic configurations that can be studied at the quantum level in a weak coupling approximation. These are the issues that we elucidate in this letter.
First we set our notations and conventions: N = 1 superspace is parametrized by two light-cone Minkowski coordinates z,z
and by two spinor coordinates θ,θ, with θ * = −θ,θ * =θ. Complex conjugation for the product of spinors is defined as (χψ) * = ψ * χ * . We introduce covariant spinor derivatives
which satisfy {D,D} = 0,
We start by considering a class of field theories in two-dimensional Minkowski spacetime described in terms of 2n complex N = 1 superfields, with general action
where
2 θ =DD, β is a coupling constant and K ij is an invertible, symmetric, constant n × n real matrix. We emphasize that no reality conditions are imposed on the superfields and the theory is not unitary. In addition to the explicit N = 1 supersymmetry the action in eq.(4) possesses a second supersymmetry. The supersymmetry transformations on the fields are respectively
where the charges
satisfy the supersymmetry algebra (Q
The operator J acts on the fields as JΦ
i . Unlike in standard N = 2 theories, the parameters ε, ζ which appear in eq.(5) are complex in general, so that the action in eq. (4) is invariant under a complexified N = 2 algebra. This implies that the usual U (1) invariance is extended to a U(1) ⊗ O(1, 1). This will play a crucial role in the definition of the twisted theory and in the construction of the BRST charge.
The complex theories under consideration can be formulated in N = 2 superspace embedding the N = 1 superfields into chiral and antichiral N = 2 supermultiplets [9] . One introduces N = 2 spinor coordinates θ + , θ − ,θ + ,θ − and corresponding covariant spinor derivatives satisfying
Chiral and antichiral superfields Ψ andΨ = Ψ * are subject to the constraints
Then one defines new coordinates
so that given a N = 1 superfield Φ(θ 1 ,θ 1 ), the chirality condition in eq. (8) allows to reconstruct a N = 2 superfield
Applying this procedure to the N = 1 superfields Φ (±)
i , one defines the following N = 2 chiral and antichiral superfields
Thus the action in eq.(4) can be reexpressed in N = 2 superspace
where the superpotential W is given by
We address now the issue of twisting the theory into a topological sector. To this end it is convenient to rewrite the action in components and eliminate the auxiliary fields through the field equations F
Then it is clear that these models possess a Λ ≡ O(1, 1) symmetry
where ω is a real parameter. Since this internal symmetry group is isomorphic to the Lorentz group L
new transformations can be defined corresponding to a twisted Lorentz group
Therefore, with respect to the Lorentz group L ′ the new spin assignment on the spinors
(The twist corresponding to the choice ω = λ 2 would simply interchange the spin assignment between ψ (+) ,ψ (+) and ψ (−) ,ψ (−) .) It is now possible to construct a nihilpotent linear combination of the supersymmetry charges with s ′ = 0. Indeed let us consider the
Using eq. (6) we obtain the following transformations on the component fields
With respect to the twisted Lorentz group the parameter η has spin zero. Moreover Q 2 = 0, Q † = Q so that the charge in eq.(19) represents the BRST operator of the twisted theory. It can be rewritten as
The holomorphic component of the stress-energy tensor
satisfies the conservation equation∂
where the trace is given by
It is easy to check that the corresponding central charge is zero and T , Θ can be written as BRST anticommutators
The BRST structure of our twisted theory shares some similarities with the one considered in Ref. [10] . In both cases the topological invariance is a consequence of eq.(25), while the lagrangian is not Q-exact. We notice that the twist can be performed even if we impose reality conditions Φ
on the superfields in eq.(4). In fact with this choice the theory has not a genuine N = 2 supersymmetry with a U(1) generator, but it is still non-unitary and it has an extended superalgebra containing a O (1, 1) . On the other hand the conditions Φ is Q-exact so that its expectation value on physical states vanishes. This condition is satisfied at the critical points of the potential V (φ (−) ) and it ensures the nihilpotency of the BRST operator at the quantum level. As a consequence of the fact that the stress-energy tensor is Q-exact it follows that the correlation functions of the observables are independent of the space-time coordinates. Moreover since the theory contains an equal number of bosons and ghost-like fields all particle excitations decouple. This guarantees the absence of negative norm states which appear at the lagrangian level due to the fact that the kinetic term is not positive definite. The physical spectrum is characterized by observables associated to BRST invariant operators. These are the topological charge T = M dx ∂φ ∂x (+) , where M is the space line, and the operator O(P (+) ) which maps one critical point into another, being P (+) the canonical momentum conjugated to φ (−) . States in different topological sectors are orthogonal.
The physical spectrum can be explicitly determined in a weak-coupling expansion around a critical point. Deforming the background solution into a nearby one φ
we obtain the linearized bosonic field equations
These equations are satisfied also by the ψ
fermions which are then deformations of the bosonic fields. Since the combination iψ In order to compute the relevant physical quantities one has to select a specific form of the potential. The simplest case is the free theory described by the lagrangian in eq. (14) where we set V = 0, β = 1 and compactify the fields on M = S 1 with periodic boundary conditions. In this case the topological charge is trivial and we will show that the only physical quantity is the momentum p (+) = 
√ πb
where q
. The canonical commutation relations are
and b
0 . Setting the potential to zero in eq. (21) we obtain the BRST charge
The Fock vacuum is defined to be annihilated by a
n , n = 0 oscillators, and it carries momentum p (±) .
Let us show first that all particle excitations are cohomologically trivial. We start by considering the left-moving sector. The oscillators satisfy the following BRST transformations [Q L , a
where we have defined
Denoting by P 0 the projector on zero-particle states, the projector on N-particle states is
From the condition Q L |phys = 0 it follows that |phys is cohomologically equivalent to P 0 |phys . Extending this analysis to the right-moving sector one shows that all particle excitations are unphysical. Now we focus on the zero modes. We define
and expand any state on the b 0 -modes
The physical state condition implies the operator which maps the set of critical points into itself is the translation operator p (+) . The zero-modes q (±) can be interpreted as the coordinates of a two-dimensional target space with metric η +− = 1. We stress that this theory is not topological in target space since deformations of η µν in the action are not Q-exact. Therefore propagation on target space is possible and in fact the physical states |p (+) describe a massless bosonic field right-moving on this space. In this respect they resemble D = 2 string theories where a massless mode propagates on a two-dimensional space-time (cfr. the critical N = 2 string [11] or the bosonic c = 1 string [12] ). The analysis can be extended to the toroidal compactification of the free model. In this case the bosonic fields take values on a circle
where the winding numbers n (±) are related to the topological charges T (±) = 2πRn (±) .
The mode expansion of the fields is given in eq.(27) where now the left and right components of the zero modes are independent and p L − p R is the winding number operator. The decoupling of the particle excitations can be proven as in the previous example. In the zero-mode sector we define
Thus the conditions in eq.(36) become
Again one can easily show that the states are cohomologically trivial whenever p . Now we turn to the interacting theories and look for a potential which admits an infinite number of critical points with solitonic configurations interpolating between them.
What we need is a N = 2 complexified supersymmetric sine-Gordon theory or a generalization of it. In fact a whole class of models is available: they are the supersymmetric Toda theories based on the affine superalgebra A (1) (n, n) [13, 8, 14] . This superalgebra has rank r = 2n and it admits a purely fermionic set of 2n + 2 roots, which can be represented in terms of 2n-dimensional complex vectors. The roots α j with j = 1, . . . , 2n realize the Cartan matrix of the A(n, n − 1) superalgebra, i.e.
and
. The Toda equations of motion for the 2n
can be derived from a real, non-unitary lagrangian [15] 
We now perform the field redefinitions introduced in Ref.
[8]
where σ(i) ≡ 2n + 1 − i, i = 1, . . . , n, generates an automorphism α i → α σ(i) of the Dynkin diagram of the A(n, n − 1) superalgebra. In terms of the new complex superfields the action in eq.(42) takes the general form in eq. (4) where
and K ij is the n × n matrix
(45) First we discuss the existence of solitonic configurations which can be determined setting the fermion fields to zero and searching for nontrivial, finite energy solutions of the bosonic equations of motion. As observed in Ref. [8] it is convenient to redefine the bosonic variables
with ξ
j . It is easy to check that the bosonic lagrangian reexpressed in terms of the ξ-fields becomes
where L is the Toda lagrangian for the bosonic a
n theory with imaginary coupling
We can then borrow all the results that have been obtained on solitonic solutions for the a
n complex Toda theory [6, 7] . It has been shown that even though the fields are complex the solitons have real energy and momentum. Since they describe finite energy configurations they satisfy the boundary conditions ξ(x = ±∞) ∈ 2πΛ ω where Λ ω is the weight lattice of the algebra. In particular the one-soliton static solutions are 
where ω a ≡ e 2πa n+1
i , σ a = 2 √ 2 sin πa n+1
and λ is a complex parameter. The solitons of the supersymmetric A (1) (n, n) models are given by the configurations (ξ (1) , ξ (2) ), with ξ (1) and ξ (2) solitonic solutions of the corresponding bosonic theory.
Now we perform the twist and concentrate on the BRST invariant theory. From the general discussion we know that φ 
Therefore the topological A (1) (n, n) theory has the same solitonic spectrum of the a n Toda field equations. The normal modes of the solutions can be determined explicitly [16, 17] since multi-solitonic configurations are known [6, 7] . Using the canonical BRST analysis [18] it is easy to show that the particle excitations are cohomologically trivial, whereas the study of the zero-mode sector requires a careful treatment with collective coordinates. We intend to report on this in a future publication.
